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ABSTRACT

A methodfor identifying the independentomponentsof
an alpha-stableandomvectoris proposed.The methodis
basedn anestimateof the spectraimeasurdor the charac-
teristicfunction. Simulationswith bothsyntheticandspeech
signalsdemonstrataghat the proposedmethodcan identi-
fy independentomponentsn the so-calledover-complete
caseof moresourceghanmixtures.

Keywords: Alpha-stabledistributions,spectraimeasurein-
dependentomponentanalysis,blind identification, over
completerepresentation.

1. INTRODUCTION

Independen€omponenfnalysis(ICA) addressetheprob-
lem of reconstructiorof N sourcedrom the obsenationof
M instantaneouBnearcombinationghereof.

Stabledistributionsis suitablefor modellingrandonwvari-
ableswith tails of the probability densityfunction thatare
heavier thanthetails of the Gaussiardensityfunction. Sta-
ble distributionshave found applicationsin signalprocess-
ing [1], andalsoin processingf audiosignals[2, 3].

This work considerthe ICA on stablevectors,andthe
paperis organizedasfollows. Stabledistributionsareintro-
ducedin Sec.2andit is showvn thata fundamentaproperty
of stablerandomvectorswith independentomponentss
that the so-calledspectralmeasurds discrete(established
result). In Sec.3the estimationof the spectralmeasuras
discussedandin Sec.4the spectralmeasurds usedfor i-
dentifying the numberof independentomponentsandthe
non-orthogonabase®f thesecomponentsTheresultsof a
simulationstudy of both syntheticand speechsignals,are
presentedh Sec.5.

2. STABLE DISTRIBUTIONS

Closed-formexpressionglo notin generalexist for Alpha-
Stable(aS ) density and distribution functions, therefore
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the oS distributionsare usually describedby characteristic
functions(ch.f.).

2.1. Characteristic Function for aS Variable

Thech.f. of arandomvariablez in R is definedas®(t) =
E exp(itx), whereE denotegheexpectation.Therandom
variableis aS with characteristieexponente, if the ch.f.
canbewritten ontheform

B(t) = exp (=1 (1) + int) )
where
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and0 < a <2,vy>0,-1< 8 <1,and(e, 8,v,p1) € R
The paramete3 determineghe symmetryof the distribu-
tion, v is the scaleparameterandy is thelocationparame-
ter. For 8 = 0 andy = 0 thedistribution is symmetricand
is denotedsaS(a, ).

, a=1

2.2. Characteristic Function for aS Vector

Thech.f. for arealrandomvectorx is definedas®(t) =
Eexp(itTx). A randomvectoris anaS vectorif a finite
measurd’ existsontheunit sphereS,; of RM suchthatthe
ch.f. canbewritten ontheform

B(t) = exp (=I(t) +it"p) 2
where
I(t) = : $a(tTs) dT(s)
and
_ [ lu[*(@ —itan(SF)sign(u)) , a#1
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Themeasurd is calledthespectral measure of theaSran-
dom vector, and p is calledthe shift vector The spectral
measurds a real function, andthe spectralrepresentation
(T, ) is unique.See[4, 1].



2.3. aSVectorwith Discrete Spectral Measure

Considertherealvectorv = [v; ...un]T, wherev,,n =
1,..., N areindependentS(a, 81, Yn, tn) randomvari-
ables. Letx = [z ...zm]T bearandomvectorin RM,
and A bea RM*N matrix. Thevectorx = Av is thenan
aSrandomvectorwith ch.f.

N
&(t) = Eexp (itTAv) = H Eexp (itTa.nvn)

n=1

wherea.,, is the nth columnof A. Thisis essentiallythe
productof all thech.f.sof v,,, andcanbewritten as

N
®(t) = exp (—IN (tTa,)+i Z untTa.n> 3

n=1

where

N
Lv(tTam) = Y vata (t7a) (4)
n=1

Reawriting (3) to theform of (2) yields

N

rg= 3 L4 Bn (aTa,)o/25(s — s,)+
i (5)
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n=1

wheres,, = a.,/(a’ a.,)!/? and

N
> anpn , a#l
n=1
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See[4, Example2.3.6]. Hencethe spectrameasurd’(s) of
the aS randomvectorx is discreteandconcentrateedn N
symmetricpairsof points(s,, —s,),n = 1,..., N of Sy.
This resultholdsin general thusthe spectraimeasurd’(s)
of anaS randomvectorx is discreteon the unit sphereSy
if, andonly if, the oS randomvectorcanbe expressedsa
lineartransformatiorof independent&S randomvariables.

3. ESTIMATION OF THE SPECTRAL MEASURE

We describea methodfor estimationof the spectralmea-
sure,examinethe statisticalcharacteristicef the estimatoy
anddiscusthe samplingradiusof thech.f..

3.1. Discrete Approximation of the Spectral Measure

From[5, Theoreml] we have thatfor a d-dimensionakS
variablewith spectralmeasurel'(s) and densityfunction
p(x), thereis a discretespectralmeasurd’, (s) with cor
respondinglensityfunctionp, (x) satisfying

sup |p(x) — pa(x)| <€
x€R4d

wheree > 0. Thusanarbitraryspectralmeasurd’(s) can
be approximatedy a discretemeasurd’, (s) suchthatthe
correspondinglensitiesare arbitrarily close. The only re-
quirementis thatsamplingof s is sufficiently dense.

The ch.f. correspondingo the approximateddiscrete
spectraimeasurd’, (s) sampledn L points,canbewritten
as

L
@a(t) = exp (- Z wa(tTSn)Fa(Sn)>

Now defineavectorT = [[4(s1) ... 4(sz)]” containing
the L valuesof the approximatedliscretespectraimeasure.
If we evaluatethe approximatecth.f. for L valuesof t and

definethefunction I, (t) = — In ®,(t) thenwe canformu-

latethe setof linearequations

I=9T (6)
where
I (t1) Ya(ts1) Ya(t{sr)
I= = |, %= : :
Io(tr) Yo (t1s1) Ya(tIsr)

If the L valuesof t arechosersothat¥—! exists, thenthe
approximatedspectralmeasurds given exact by the solu-
tionto (6).

3.2. Estimation of the Discrete Spectral Measure

In [6] amethodfor estimatiorof thestablespectraimeasure
is proposed. The principle behindthe estimationis based
on (6). From this point, without loss of generalityandto
simplify the presentationwe will assumethat x is SaS.
For estimatiorof thespectrameasurén thenon-symmetric
caseseethemoregenerakreatmentn [6].

In the caseof symmetricdensity function the spectral
measureandthe ch.f. is real valuedandsymmetric. From
the definition of the ch.f. an estimatebasedon samplesof
therandomvectorx canbeobtainedas

K
d(t) = % Z cos(t”xy) (7)
k=1



for K samplesof x. By introducingthe function I(t) =
—In(®,(t)) andsubstitutel by I = [I(t;)...I(tz)]T, an
estimateof the approximatediscretespectraimeasuraes di-
rectly obtainedfrom (6).

The spectralmeasurds definedon the d-dimensional
unit sphere. If no a priori knowledge aboutthe spectral
measurds availableandif all directionsare of equalim-
portance,it is naturalto samples uniformly on the unit
sphere.In the SaS caseit suffice to sampleon the half d-
dimensionalnit sphere.In thed = 2 casethe nth sample
pointin s isthens,, = [cos (r27%) sin (72:2)]7.

Thenaturalchoiceof the samplinggrid of thech.f. is to
samplesymmetricallyon a d-dimensionakphereagainin
the SaS caseit sufficesto sampleon a half d-dimensional
sphere Thusthenth samplepointin t ist,, = r s,,, where
r isthesamplingradius.Thesamplingradiusis decisie for
the performanceof the estimatorof the spectralmeasure,
thisis discussedn section3.4.

3.3. Estimation Procedure

To avoid negative valuesin theestimateof thespectramea-
sureT’, thesolutionin (6) is restatedas

nmqﬁ—Qwanﬂ st. T>0 8)
2

The estimationprocedurefor the spectralmeasurds now:
determineghe samplingradiusof t, calculate®, estimatd,
andsolve the constrainedeastsquareproblemin (8).

3.4. Estimation Considerations

This sectionexaminethestatisticalcharacteristicef thees-
timator subjectto the samplingradiusof the ch.f., andthe
choiceof the characteristiexponent. To evaluatethe per
formanceof the estimationof the spectralmeasurave de-
finethe performanceneasure

T=E@-I)Ta-1)/1"

wherel is definedin (6) andI is the estimateof I thatcor-
respondgo the estimateof the spectrameasurdrom (8).

Applying the estimatiornprocedurdrom section3.3,we
estimatethe spectralmeasurefor the SaS randomvector
x € R? with thediscretespectraimeasure

1 for n=11,36 (101,126
D(sn) = { 5 else ( )

wheres,, is distributeduniformly onthehalf unit circle,and
L =90.

A desirablepropertyis to have a scaleindependenes-
timator, andfrom (2) onedirectly obtainthatif r o 'y;l/a
thenthe estimatorof thech.f. is scaleindependerit

1n [6] the samplingradiusis fixedto » = 1, andthe influenceof the
samplingradiusis notaddressed.

In Fig.1 the performancaneasureversusthe sampling
radiusis showvn for v = 0.01,0.1, 1, 10, 100. It appearshat
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Fig. 1. Performanceneasureversussamplingradius,x €
SaS(1.5,7).

the samplingradiusof thech.f. is of crucialimportance A
naturalchoiceof the samplingradiusis

=gt )

andthe vertical barsin Fig.1 indicatethe samplingradius
thatcorrespondso (9).

In Fig.2 the performancemeasureversusthe choiceof
thecharacteristiexponents shavn for x € SaS(«, 1), and
a = 1.2,1.4,1.6,1.8. Obviously the bestperformancds
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Fig. 2. Performanceneasureversusthe choiceof charac-
teristicexponentin theestimationx € SaS(«, 1).

obtainedwhenthe choiceof characteristiexponentin the
estimationis equalto thecharacteristiexponenof the Sa'S
vector It is surprisingthat the characteristiexponenthas
only minor influenceon the performanceof the estimatoy
andnoticethatthecharacteristiexponentin the estimation
shouldbechoserconsenratively low.



4. BLIND IDENTIFICA TION OF BASIS VECTORS

Considerthe mixturex = Av, wherev = [v; ...vn]T is
arandomvectorwith independentS(«, 85, Yn, ftn) COM-
ponentsand A € RM*N The objective is to estimatethe
basisvectorsof A basedn obsenationsof x.

Fundamentallyplind identificationhasa scaleambigu-
ity betweeny,, of v, andthe norm of the columns||a., ||,
thuswithoutlossof generalitywe canassumehat||a.,, ||» =
1. Moreover, blind identificationprovidesnoorderingof the
basisvectors,andfor the caseof symmetricdensitieghere
is a signambiguityof the basisvectors.

Now considering(5) leadsto the conclusionthat the i-
dentificationof the basisvectorsa.,, is simply to determine
the directionsin which the spectralmeasurenasmass. In
generalhe spectraimeasurénasmassin 2N directions(IV
directionsif we only samplethehalf d-dimensionabkphere).
Themethodwill work for boththeundercompletg M > N)
andtheover-complete(M < N) case.

4.1. Practical Considerations

Due to a finite numberof samples,obsenation noiseand
possibledeviationsfrom the theoreticaldistributions,there
will be somenoisein the estimatedspectraimeasure.The
basisvectorsshouldbedeterminedsthedirectionsan which
the estimatedspectrameasurédasdominatingmass.

The numberof samplepoints L in t ands determines
theangularesolutionof thebasisvectors.In thed = 2 case
with samplingon the half 2-dimensionakpheretheresolu-
tionis 7 /(2L). A disadwantageof the proposednethodis
thatthe optimizationproblemin (8) scalesexponentiallyin
thedimensionof the mixture.

5. SIMULATION STUDY

Thebasisvectorsfor over-completemixtures(M < N) are
identifiedfor bothsyntheticSaS signalsandspeectsignals.

5.1. Identification of BasisVectors, SaS Signal

Let v bearandomvectorwith independenBaS(1.2,1) ran-
domvariablesx = Av bethe obsenablerandomvector,
and

cos(61)
sin(01)

cos(6-)

A= cos(f3) cos(f4)
o sin(02) 04

sin(f3) sin(f4)

with 6, = (%), 62 = (3F), 63 = (3F), andf, = (‘%f).
Thebasisvectorsareidentifiedasthedirectionsn which
theestimatedpectrameasurdassignificantmass.In Fig.3
a typical exampleof an estimatedspectralmeasurepsing
the estimationproceduran Sec.3,is shavn. Obsene that

20nthecontraryhereto corventionallCA algorithmsis basecbn min-
imizationof contrastfunctions.
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Fig. 3. Empirical spectralmeasure['(s), for the SaSran-

domvectorx. The estimationis basedon K = 10000 ob-

senationsof x, samplingradiusr = % andL = 90. The

direction of the basisvectorsof A areindicatedby dotted
lines.

()
ool

the distribution of massedor the spectralmeasurds very
specificin the 4 directionscorrespondingdo the directions
of the basisof A. In Fig.4 the scatterplot for the obser
vationsof x is depicted,andthe basisvectorsof the mix-
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Fig. 4. Scattemplot of x. Thebasisvectorsof A, aredepict-
edby vectors andthedirectionsin which the spectramea-
surehassignificantmassesaredepictedby dashedines.

ing matrix andthe directionsin which the spectraimeasure
hasdominatingmassare shavn. Threebasisvectorsare

correctlyidentified,andthe fourth basisvectoris onepoint

away from theright value.

5.2. Identification of BasisVectors,SpeechSignals

The proposedmethodfor identificationof basesn a mix-
tureis appliedto a mixture of threespeectsignals.In [3] it
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Fig. 5. Empiricalspectraimeasurel'(s), for themixturex.
Thech.f. is estimatecbasedon N = 23000 obsenations,
samplingradiusr = 50, a« = 1.2, andL = 90.

is demonstratethat Sa'S distributionsaresuitablefor mod-
elling a broadclassof acousticakignals,including speech
signalsandthisis thetheoreticajustificationfor the exam-
ple. For the purposeof comparisorthemethodis appliedto
thesamemixing matrix andthe samespeectsignalsasused
in [7]. Thespeectsignalsarefromthe TIMIT databaseand
themixingmatrixisA = [1 1/v/2 1/v/2;0 1/v/2 —
1/+/2]. In Fig.5the estimatedspectraimeasuras depicted.
The distribution of massess very specificin the direction-
s correspondindo directionsof the basisvectorsof A. In
Fig.6 the scatterplot for the obsenationsis depicted. The
spectralmeasuréhasdominantmassesn (2x)3 symmetric
directions,andthesedirectionsare,very closeto the direc-
tionsof thebasisvectorsof A.
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Fig. 6. Scattemplot of x. Thedirectionsof the basisvectors
of A aredepictedby vectors andthedirectionsin whichthe
spectrameasurdasmassesaredepictecby dashedines

6. CONCLUSION

We proposesan ICA methodbasedon the obsenationthat
the spectralmeasurds discretefor stablerandomvectors
with independentomponents. The methodidentifiesthe
numberof independentomponentsindthenon-orthogonal
baseof themixture.

We examinethe propertiesof the estimatorof the spec-
tral measureanddiscusthe samplingradiusfor thech.f..

Simulationnsyntheticandspeectsignalsdemonstrates
that the method can identify the numberof independen-
t componentandthe basef the overcompletanixtures.
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